Abstract -In the present paper, a priori estimates of the stability in the sense of the initial data of the difference schemes approximating quasilinear parabolic equations and nonlinear transfer equation have been obtained. The basic point is connected with the necessity of estimating all derivatives entering into the nonlinear part of the difference equations. These estimates have been proved without any assumptions about the properties of the differential equations and depend only on the behavior of the initial and boundary conditions. As distinct from linear problems, the obtained estimates of stability in the general case exist only for the finite instant of time t t 0 connected with the fact that the solution of the Riccati equation becomes infinite. For example, for the nonlinear transfer equation this time t 0 = u 0 −1 C is connected with the behavior of the first derivative of the initial function and in the case of u 0 (x) < 0 fully coincides with the moment of the shock wave generation (gradient catastrophe). For the difference scheme approximating the quasilinear parabolic equation the corresponding time t 0 = u 0 −1 C is already associated with the behavior of the second derivative of the initial function and coincides with the time of the exact solution destruction (heat localization in the peaking regime). A close relation between the stability and convergence of the difference scheme solution is given. Thus, not only a priori estimates for stability have been established, but it is also shown that the obtained conditions permit exact determination of the time of destruction of the solution of the initial boundary value problem for the original nonlinear differential equation in partial derivatives. In the present paper, concrete examples confirming the theoretical conclusions are given.
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Introduction
In investigating the difference schemes, primary consideration is given to the fundamental question of stability of the difference solution with respect to the small perturbations of the initial and boundary conditions and the right-hand side. By now, the most complete results have been obtained for computational methods approximating the linear problems of mathematical physics [6, [8] [9] [10] [11] . The fundamental difference of the investigation of stability in the nonlinear case is due to the necessity of additionally investigating the properties of all difference derivatives entering into the nonlinear part of the difference equations. To understand the nature of the problems arising, we turn to the following Cauchy problem for the ordinary differential equation w = −λw, w(0) = w 0 , λ = const, w(t) = w 0 e −λt .
(1.1)
We will be interested in the existence of the unbounded solutions of problem (1.1). Obviously, From the given recursive expression it follows that
w(t)
is the solution of the difference problem and, in this sense too, differential (1.2) and difference (1.3) problems are completely consistent.
In the present paper, we investigate the stability of implicit linearized difference schemes for the semilinear Kolmogorov-Petrovsky-Piskunov equation [3, 7] 5) and the simplest quasilinear parabolic equation
As is known, nonlinearity generates many effects connected with the unusual behavior of the solution. For example, the linear parabolic equation is characterised by an infinite rate of propagation of perturbations. In considering an equation even with only a nonlinear righthand side, solutions with a finite rate of perturbations can appear. Thus, e.g., in works [3, 7] the existence of self-similar solution of the running wave type for an equation of form of (1.4) is shown. For the nonlinear transfer equation with a certain behavior of the initial and boundary conditions a gradient catastrophe (discontinuous solution) is generated. For the nonlinear equation (1.6), heat localization in the peaking regime [7] can arrise ( the solution becomes infinite at a certain instant of time t = t 0 ).
As a mathematical apparatus for obtaining a priori estimates of stability, the maximum principle was chosen. And this is no mere chance. The fact is that direct use of the method of energy inequalities for this purpose gives no effective estimates because of the nonlinearity of the problem for perturbations error and grid solution.
In investigating the stability of the difference schemes approximating the nonlinear boundary value problems for nonlinear nonstationary equations of mathematical physics, all the difference derivatives entering into the nonlinear part of the equations have to be estimated. If there is no such a necessity for the difference schemes approximating equation (1.4) , then for an equation of the form of (1.5) it is necessary to preliminary estimate the maximum of the absolute value of the first derivative and for equation (1.6) -of the second derivative. The behavior of these derivatives is directly associated with the properties of the solution of the Riccati equation. In the general case, they are bounded only untill a certain instant of time t < t 0 , t 0 = − 1 λ w 0 C , w 0 = u 0 (x) (derivative of the initial function) for the nonlinear transfer equation (1.5), and w 0 = u 0 C -for the quasilinear parabolic equation. Thus, in the present paper not only a priori estimates of the stability with respect to initial data have been established, but it is also shown that the obtained conditions permit to exactly determine the moment of destruction (irregular behavior) of the solution for the original differential equation.
It should specially be emphasized that the corresponding a priori estimates of stability were obtained under the conditions only imposed on the input data of the problem. No other conditions need to be imposed on the properties of the behavior of the exact solution u(x, t) of the original differential problem.
On the basis of the stability estimates obtained one can trivially study the convergence rate of the difference schemes as well. Corresponding investigations on these lines are carried out with the example of one difference scheme approximating a nonlinear transfer equation. Moreover, the proposed mathematical apparatus can successfully be used to directly study the stability of the solutions of nonlinear differential problems. In this paper, such investigations have been carried out for a nonlinear generalized transfer equation.
Note that the present paper proves, in passing, the monotonicity of linearized difference schemes for the nonlinear problems (1.4) -(1.6) under consideration. It will be recalled that difference schemes satisfying the maximum principle are called monotone. Some results on the mathematical apparatus of the maximum principle and the properties of the difference schemes for nonlinear equations of mathematical physics are reported in works [1, 2, 4, 5] .
Maximum principle
Let on the segment [0, l] the uniform grid with a constant step h be given
By y i = y(x i ) we denote the values of the grid function y at the nodes x i ∈ω h .
Herein below we will use the following canonical form of writing the difference scheme
The maximum principle for problem (2.1) was proved in [6] and is formulated in the following way.
Theorem 2.1. Let the conditions
be met. Then the solution of the difference scheme (2.1) satisfies the inequalities
3)
Under stronger restrictions on the coefficients of problem (2.1) the following statement takes place [6] .
Theorem 2.2. Let the conditions
be met. Then for the solution of problem (2.1) the estimate
is valid, where
Proof. In fact, substituting y =ỹ + u k , k = 1, 2, into equations (2.1), we get the problem forỹ:
Let conditions (2.5) be met first. Then for k = 1 the inequalitỹ
takes place. Therefore, by virtue of Theorem 2.1,ỹ i 0, y i =ỹ i + u 1 u 1 for all i = 0, 1, . . . , N. We now turn to conditions (2.6). According to the notations of (2.7), for k = 2 the inequalities
take place. On the basis of Theorem 2.1 we conclude that
Lemma 2.1 . Let the following conditions
be met. Then from the inequalities a n a n−1
the estimates a n a 0
Proof. Let n = 1. Then from (2.9) we find
Accordingly, for n = 2 we obtain
Let estimates (2.9) take place at n = 1, 2, . . . , k, k = 3, 4, . . . , N 0 − 1. We prove that they take place for n = k + 1 as well. Indeed, from (2.8), (2.9) and induction assumption we have
The lemma is proved.
3. Kolmogorov-Petrovsky-Piskunov equation
Formulation of the problem
In the rectangleQ T = {(x, t) : 0 x l, 0 t T } we consider the initial boundary value problem for the simplest semilinear parabolic equation
As is known, a nonlinearity generates many new effects connected with the unusual behavior of the solution. A linear parabolic-type equation is characterized by an infinite rate of propagation of perturbations. Considering an equation having only a nonlinear righthand side, one can isolate solutions with a finite perturbation rate. For example, in [3, 7] for problem (3.1) -(3.3) with a certain choice of the initial conditions the existence of a self-similar solution of the running wave type is shown
Difference scheme
In the domainQ T , let us introduce an usual spatial-time grid with constant steps h and τ in both directions
For the sake of simplicity of further investigations, we restrict ourselves to the consideration of the linearized difference scheme
Hereinafter, usual notations of the difference scheme theory are used [6] 
Perturbing the initial conditions in (3.4), we arrive at the problem
Since equation (3.1) is homogenous (f (x, t) = 0) and we do not perturb the boundary conditions, it is naturally in this case to speak of the stability of scheme (3.4) only with respect to the initial data. It will be recalled that the difference scheme is called stable with respect to the initial data if there exist such a constant M > 0 independent of the grid steps and the choice of the input data and satisfying at small enough h < h 0 , τ < τ 0 the inequality
where · is a certain norm in the space of grid functions.
To obtain the estimate for δy =ỹ − y we subtract the corresponding equations (3.4) from equations (3.5). We obtain
(3.8) Equation (3.8) is nonlinear with respect to the sought values of y,ỹ, δỹ.
A priori estimates
To obtain estimate (3.6), we first obtain the corresponding a priori estimates for the solution of problems (3.4) and (3.5). Consider first problem (3.4) and write it in the canonical form of (2.1)
Here on the only condition that the time step is of the form of (3.10). For obtaining the upper estimates we claim more stringent restriction on the time step
Then, on the basis of Theorem 2.2, we obtain the inequality On the basis of the proved inequalities (3.11) -(3.14) we conclude that
Applying now Theorem 2.2 to the solution of problem (3.7), (3.8), we find the a priori estimate
valid for any n = 0, 1, . . . , N 0 − 1 and expressing the unconditional stability with respect to the initial data (for a small enough τ τ * 0 ) of the difference scheme. Note one important detail. We did not impose any restrictions on the solutions of the difference and differential problems in the deriving a priori estimate (3.15). All assumptions we associated only with the given input data of the problem and the small enough time step (τ τ * 0 ).
Transfer equation 4.1. Formulation of the problem and difference scheme
We consider in the domainQ T the boundary value problem for the nonlinear transfer equation
For simplicity of further investigations we assume that
The condition of the initial function monotone increasing ignores the appearance of a shock wave.
On the previously introduced gridω =ω h ×ω τ we approximate the differential problem by the difference scheme
Properties of the difference scheme solutions
We first investigate the properties of the solution of the difference scheme (4.3). To this end, we rewrite equations ( Consider now a problem with perturbed initial conditions
Analogously to (4.5), the estimate 0 ỹ
To investigate the stability of difference scheme (4.3), we obtain the problem for the perturbation δy =ỹ − y δy t + yδŷx +ŷxδy = 0, (4.7) δŷ 0 = 0, δy(x, 0) = δu 0 (x), x ∈ω h .
(4.8)
From the structure of equation (4.7) it is seen that to obtain the corresponding a priori estimate, it is necessary to evaluate first the derivativeŷx of the perturbed solution in the uniform norm. To do this, we should to obtain the corresponding problem for w follows.
A priori estimates of stability in the general case
We have proved the unconditional convergence of the difference scheme (4.3) on the assumption that the initial functions u 0 (x),ũ 0 (x) 0, are the monotonically nondecreasing, which ignores the case of the appearance of a shock wave. Here, these conditions were needed in estimating the first derivative. Now, let the following assumptions
be fulfilled instead of of conditions (4.2). We first turn to the differential equation (4.1), (4.12). Using the substitution w = ∂u/∂x and differentiating equation (4.1) with respect to the variable x, we obtain the problem
Writing equation (4.13) along the characteristic direction
we obtain the problem
As mentioned in the introduction, the exact solution of the differential problem (4.12) is the function
which is bounded by a time t t 0 , t 0 = −1/u 0 . At t = t 0 a shock wave is generated at an arbitrarily smooth initial function. This phenomenon is called the gradient catastrophe.
We now obtain the estimate in the uniform norm for w =ỹx on the assumption of (4.12). As in the differential case, we seek the fulfilment of the following inequality:
(4.14)
Let n = 0. Sinceỹ
we obtain the estimate
By virtue of the assumption of (4.14)
On the basis of this relation
For n = 1 we find from (4.9) in much the same manner
By virtue of (4.14), (4.15) 1 − τ w 1 C
(1 − 2τ w 0 C )/(1 − τ w 0 C ) > 0 and from (4.16) and Lemma 2.1 we obtain
Reasoning similarly for an arbitrary n, we obtain the estimate
Substituting this estimate into inequality (4.11), we arrive at the estimate
expressing the difference scheme ρ-stability with respect to the initial data.
Remark 4.1. In much the same manner one can investigate the stability of the solution and of the differential problem itself. Let us consider the nonlinear transfer equation of the general form
As for the input data, we presume that the following conditions Perturbing the initial condition u 0 (x), we obtain the problem
We assume that the functionsũ 0 (x), f (ũ) satisfy conditions (4.19), (4.20) . Subtracting from (4.21) the respective equations (4.17), (4.18), we arrive at the perturbation problem
We first study the properties of the solutions u(x, t),ũ(x, t),
From this it follows that the function u(x, t) is also continuous along the characteristics and for any point (x, t) from the domain of definition u(x, t) ∈D. Consequently, also conditions (4.20) are satisfied for the function f (u). Obviously, similar statements are also valid for problem (4.21) with respect toũ(x, t), f (ũ). To turn to the investigation of the problem for the perturbation δu, it is necessary to study the behavior of the function v = ∂u ∂x . Differentiating (4.17) in x, we arrive at the equation for v ∂v ∂t 
Since u = const on the characteristics, f u = −λ = const and the corresponding Ricatti equation (4.24) has the exact solution
From here it is seen that if u 0 (x)f u < 0, then the derivative ∂u/∂x becomes infinite in the finite time
and then a shock wave is generated. Thus, in general case,
.
We now turn to the problem for δu. We write equation (4.22) in the characteristic direction
Integrating (4.25) in the characteristic direction dx/dt = f (ũ), we find the solution δu in the explicit form
then from (4.26) we find the a priori estimate
expressing the stability of the solution of differential problem (4.17), (4.18) with respect to the initial data.
Investigation of the convergence
In investigating the accuracy of computational methods, it is natural to proceed from the a priori estimates of the uniform stability with respect to right-hand side. However, the obtaining of concrete estimates of the convergence rate after previous study of the stability with respect to the initial data is a rather trivial procedure because the problem for the error of the method z = y − u is already linear. Substituting y = z + u into equations (4.3), we arrive at the following problem:
i.e., the residual ψ or the error of the difference scheme approximation on the exact solution of the differential problem has a first order on the condition of the existence of continuous second derivatives 
Quasilinear parabolic equation
In this section, the uniform stability of the linearized difference scheme for the simplest quasilinear parabolic equation is proved. In this case, the boundedness of the all derivatives entering into the difference equation has to be shown. The key role is played by the signdetermination of the function u 0 (x). If u 0 (x) < 0, then the stability is proved for all t → ∞. If u 0 (x) > 0, the the stability is proved only for t t 0 ,, where t 0 is determined from the condition t 0 = 1/ u 0 C . A concrete example confirming the theoretical conclusions is given. As before, all the necessary assumptions are only connected with the input data in of the differential equation.
Formulation of the problem and difference scheme
In the domainQ T , we consider the following initial and boundary value problem:
On the gridω =ω h ×ω τ , replace the differential equation by the difference equation
In problem (5.4), we perturb the initial conditions. We obtain the problem
where u 1 ũ 0 u 2 . Subtracting from (5.5) the corresponding equations (5.4), we obtain a problem for perturbation δy =ỹ − y δy t =ỹδŷx x +ŷx x δy, δŷ 0 = δŷ N = 0, δy(x, 0) = δu 0 (x).
(5.6)
Properties of the solutions
We show that the solutions of the difference schemes (5.4), (5.5) satisfy inequalities (5.3). Let us write problem (5.4) in the canonical form
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Since y 0 i u 1 0, on the basis of Corollary 2.1 we conclude that
It is obvious that analogous relations are also valid for solving problem (5.5).
Stability at u
In this case all derivatives entering into the difference equations (5.4), (5.5) are non-positive and bounded in the norm C for any t.
From the structure of problem (5.6) it is seen that to obtain the estimate for δy, it is necessary to prove first that the grid function y 
Using the averaging Steklov operators, we find inequalities
Writing problem (5.8) in the canonical form of (5.7) We now turn to problem (5.6). Reducing it to the canonical form and using Theorem 2.2, we find the estimate 
